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Finite non-solvable groups with a maximal  subgroup A satisfying the follow- 
ing condition are classified: A contains a ni lpotent subgroup H of even order 
and of index I A : H i < 2. Th is  result is applied to the investigation of factoriz- 
able groups. 
The aim of this paper is to investigate finite groups G =/: 1 satisfying the 
following hypothesis: 
HI .  F(G) = 1 and G contains a maximal subgroup A with a nilpotent 
subgroup H of index IA :H]  ~2.  We shall denote 1HI =r  and H 
I-I(H) -- {2). 
Results obtained under hypothesis HI  are applied for the investigation of 
factorizahle finite groups satisfying the following hypotheses: 
H2. There exist subgroups A and B of G such that G = AB, I A n B [ 
is odd and A contains a normal subgroup H of order r and index I A : H I = 2, 
and 
H3. There exist subgroups A, H, B and K of G such that G ~ A ~ H, 
G ~ B >/ K, G = AB,  H and K are nilpotent and l d : H [ ~2,1B:K I~<2.  
W. R. Scott has conjectured that groups satisfying H3 are solvable. We 
confirm this conjecture under some additional assumptions. 
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In Theorem 1 we classify groups satisfying H1, with the exception of the case 
when [ H I is odd. This result generalizes theorems of Thompson [16], Baumann 
[4] and Rose [11], who dealt with the ease that H = A. The proof of Theorem 1 
relies heavily on the Unbalanced Group Theorem (if G is simple with an 
involution t satisfying: O(Cc(t)) @ 1, then G is a Chevalley group of odd 
characteristic, or an alternating group of odd degree or PSL(3, 4) or Held's group, 
He) the proof of which is essentially complete. 
Let G satisfy H2 and suppose that A max G and H is nilpotent. Under these 
assumptions, if ]H I  is odd, then G is solvable (Proposition 4). On the other 
hand, if I H I  is even and F(G) = 1, then by Theorem 1 G is known. These 
results are summarized in Theorem 6. 
As a corollary to Theorem 1 we prove Scott's conjecture if either A max G 
(Corollary 9) or B is Dedekind (Corollary 10). 
For other results see Lemma 7 and Corollary 8. 
We mention ow some non-standard notation. By G E H1 (H2, H3) we mean: 
the finite group G satisfies hypothesis H1 (H2, H3). A maximal subgroup A of G 
will be denoted by A max G. A subgroup H of G is called a CC-subgroup if 
Ca(x) ~ H for each x E H a. I fp  is a prime and n an integer, a Sylow p-subgroup 
of G will be denoted by G~ and the p-share of n by n~. The dihedral or semi- 
dihedral group of order m will be denoted by D~ or S~, respectively. I f  P is a 
p-group, J(P) denotes the Thompson subgroup of P. Finally, following [8] 
we denote by PQL(2, q) the normal subgroup of PI'L(2, q) containing PGL(2, q) 
such that Pg2L(2, q)/PGL(2, q) is a 2-complement in PI'L(2, q)/PGL(2, q). 
Our main result is 
THEOREM 1. Let G ~ HI .  Then one of the following statements holds. 
(1) A is nilpotent, A e Syl~(G); 
(2) A is non-nilpotent, and one of the following holds: 
(a) A is Hall and either 
N ~ PSL(2, q) <3 G <~ PSL*(2, q), 
where q is odd, q ~ 2'* ± 1, q ~- 81, PSL *(2, q) is a maximal subgroup of PFL(2, q) 
such that PSL  *(2, q)/PSL(2, q) is an elementary abelian 2-group (of order 2 or 4), or 
N _~ PSL(2, 81) ~_ G ~_ PFL(2, 81). 
Moreover, G = AN and A n N • CN(t), a non-nilpotent centralizer of an 
involution t ~ N. 
(b) A is non-Hall, H is of even order and G =- PGL(2, q) with q >~ 5, 
odd. Moreover A = Ca(t) for an involution t ~ G and 8 ~( [ A I. 
(c) A is non-Hall and H is of odd order. 
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Remarks. 1. IfF(G): :A 1 and G is a non-solvable group satisfying the other 
assumptions of H I ,  then it is easy to check that Fa(G ) < A and ~ = G/F3(G ) 
satisfies all the assumptions of i l l ,  includingF(0) = 1. 
2. I f  A is nilpotent, then A e Syls(G ) by Theorem 1 in [11]. The structure 
of G was determined by Baumann in [4]. 
3. The open case 2(c) of Theorem 1 is difficult. In [i0] Higman posed the 
problem of classifying simple groups with a maximal dihedral subgroup A of 
order 2p, p a prime, p > 5. We are not aware of any recent developments in
that direction. The cases [ A ] = 6 and 10 were solved by Felt and Thompson 
[5] and by Higman [10], respectively. 
For the proof of Theorem I we need the following: 
LEMMA 2. Let a and n be integers, a > 1, n > 2 and suppose that a is odd. 
Then the following statements hold. 
(a) There is an odd prime p which divides a n - -  1, but no a i - -  1 with 
1 ~i<n;  
(b) There is an odd prime p which divides a ~ + 1, but no a i :~ 1 with 1 ~ i < n. 
Proof. Part (a) follows from Corollary 2 in [3]. By (a) there exists an odd 
pr imep dividing a s" - -  1 = (a" --  1)(a n + 1), but no a "~ -- 1 with 1 ~ m < 2n. 
Thus p divides a n + 1, but no a i :]: 1 with 1 ~ i < n. 
Proof of Theorem 1. I f  A is nilpotent, then by [11] A e Syls(G ). Thus assume, 
from now on, that A is non-nilpotent and hence of even order. 
Suppose, first, that A is non-Hall and H 2 :fi 1. By the maximality of A, 
A =- N`c(Hs) and A 2 ---- N`6~(Hs) , where H 2 ~ A s ~ Gs.  Moreover, for each 
odd prime divisor p of [A  1, A = N`a(A~) and A~ = G~. Consequently 
A s < Ga and there exists a subgroup K of G~ satisfying: 
H2 <1A2 <1K, I K : A~ I = I As : H~ I = 2. 
Thus K acts on the 4 cosets of H~ in K and there exists I ~ H~ with I <1 K 
and I K : I I ~< 8. As K ~ A ---- Nc(H~), it follows that L K : [ [ = 8. But G --~ 
(A ,K)  ~ Na(I), so we get I = 1 and [ H~ I ---- 2. Hence [ A2 ] ---- 4 and as 
H~ <~ K, .4~ is elementary abelian. Moreover, if t is the involution in / /2,  
then A = Cc(t) and [ Cc(t) 12 ---- 4. Thus G 2 is non-abelian and by [15, Lemma 4], 
it is isomorphic to either S,~ or D,~. Since t is a non-2-central involution, G has 
at least 2 conjugacy classes of involutions. Remembering that F(G) = 1, it 
follows by [1, Proposition IL l . l ]  that G 2 = Sm is impossible. Thus G2 ---- D,~, 
and by [8], G > PSL(2, q), q = p'~ >/5, p odd and ] G : PSL(2, q)[ is even. 
By Lemma 3.3(vi) in [8] we conclude that N ~- PGL(2, q) ~ G ~ P~L(2, q) 
and G = AN'. I fn  = 2 ~ then G = PGL(2, q), as required. So assume that n ~ 3, 
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n :# :2k. Let" B be a complement of N in G; Then B is a group of odd order b 
dividing I A I and since A 2, is a ni!potent Hall subgroup of G, we may assume by 
[17] that B < A. Suppose that s is :a prime~ dividing b and let I Bs l = sW. 
By Lemma 3.30) in  [8], CN(Bs) = PGL(2, pr), with r ~ n[s% On the other 
hand, B s centralizes the {2, s}'-Hall subgroup of A t~ N. As A n IV ~ Czc(t), 
with 8 * IA  c~ N I, it follows by Lemma 3.i.(iii) in [8] that I A t~ N I---- 
2(q + d), where d = zk 1 and q ~ d (m0d 4). Consequently, B s centralizes a
subgroup of N 'o f  order (q~d) /2s  r, where s I ~(qq-d)s  Let u be an odd 
prime dividing q + d, but not any p~ --  1 with 1 ~ v < n. Such u exists by 
Lemma 2, as q -~ pn, p an odd prime andn > 2. Moreover, u :# s sincep s-1 ~- 
1 (rood s) and s <~ n. It  follows that u divides 
I C~(B,)] = I PGL(2,pO] = p~(p2~ _ 1), 
a contradiction, since 2r < n. Thus b ---- i and G ~ PGL(2, q), as required. 
Suppose, next, that A is a non-nilpotent Hall Subgroup of G and let N" be a 
minimal normal Subgroup Of G. AsF(G) ~ 1, hence N is nonsolvabie, G = AN 
and Ca(N)= 1. Thus N~G~Aut (N) .  Since A 2~Gz,  [ . /12 : / /21-~2 
and ] N 2 I > 2, it follows: that 1 < H 2 73 _/V 2 <3 G z , where N2 ~ A 2 n AT. 
Let t be an involution in H2 c~ N2 c~ Z(G2) .  Clearly A = Ca(t) and consider 
L ~ A n N = CN(t). 
I f L  is nilpotent, then each simple factor M of N satisfies the assumptions of 
Baumann's paper [4] with respect o the projection tM of t in M. In addition to 
being nilpotent, the centralizer of tM is Hall and self-normalizing (by the maxi- 
mality of A). These conditions exclude L2(q) , Sz(q), La(q), U3(q) and Spq(q) with 
q ~ 2m > 2 from Baumann's list and leave onlyL2(q) with q ~ pn = 2 '~ :~ 1 > 3 
as candidates fo rM.  In  particular, M 2 is the centralizer of an involution in M. 
Since A > G~, there exists an element x e A N of odd order centralizing 
HnN~N2.  As IN2 :Hc~N[  ~<2 and IM21 ~>4, we get HnM 2 # 1 
whence x centralizes an element of M ~. It follows by the Krul l-Sehmidt heorem 
that x normalizes each simple factor of AT. However, M-~ Lz(q) with q = pn ---- 
2 ~ ± 1 > 3 and it is well-known that this implies that either n = 1 or n = 2. 
Thus, in view of the structure of Aut(L2(q)), x ~ MCa(M ) for each simple 
factor M of AT. Let x = mc,: with m ~ M and c ~ Ca(M). Since x E A ~- Ca(t), 
it follows that x ~ Ca(tM) and m ~ CM(tM) = M 2 . Moreover, x °(~) ~ Ca(M) 
and since m is a 2-element and x is of odd order, it follows that x ~ Ca(M) for 
each simple factor M of N. Consequently, x ~ Ca(N) ~ N, a contradiction. 
It  remains to deal with the case: L ~ A (~ IV ~ CN(t ) is a non,nilpotent Halt 
subgroup of AT. I f  N is not simple, then since A has a nilpotent subgroup of 
index 2, one simple component of AT has a non-nilpotent Hall centralizer of the 
involution projected by t, while the other projections of t have ni!potent Hall 
centralizers of the same order. Since this situation is impossible by [17], it 
follows that N is a simple group with L ~ A (~ N ~ Cn(t) a solvable, but non- 
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nilpotent, Hall subgroup of N. Since A is 2'-closed, hence O(L)=A 1 and by the 
Unbalanced Group  Theorem, ~taking into account hat CN(t) is a solvable 
centralizer of a 2-central involution, N is one of the following groups: As,  A v , 
,Ag. ~ A~I, L~(4)~ L3(3 ), U3(3), /-74(2) and L2(q), q odd. It is easy to check that each 
group in the list, with the exception of the last family, violates one of the condi~ 
tions: CN(t) is non-nilpotent and Hall. Consequently, N = Lo(q), q = pn ~ 5, 
p odd. Supp0Se that the odd prime r divides ] G : N I. Then, as G z AN and 
G ~ PFL(2, q), A has an element x of order r which acts on N as a non-trivial 
J~eld aut0morphism. As in th'e Case when A was a non-Hall subgroup of G, we  
get a contradiction by an analysis of CN(X). Consequently, I G : N I is a power 
of 2. ..... . . . . .  
Suppose  that x~ A N acts on N as a field automorphism of order 2i,, 
i > 1. I f  a field automorphism of that order velongs to G, we may assume that 
it belongs to A, as A z = G 2 , Then 2 i divides n and x ~ ~ H, hence x 2 centralizes 
O(A c~ N). Since A n N = CN(t ), it is well known that O(A n N) is a Cyclic 
group of order (pn + d)/2 u, where 2 u = (pn + d)2. Moreover, pn + d ~ 0 
(mod 4) and as n is even, it follows that d = --1. On the other hand, it is well 
known that the centralizer of x2in N is L2(p~), where m = n i t  -1 ~ hi2. Since 
the maximal cyclic subgroups of L2(p ~) are of orders p and (p~ 4- 1)/2, it 
follows that (p" +- 1)/2 ~ divides (p~ 4- 1)/2. However, n ~ T > 2 and 
m < n, hence by Lemma 2 (pn _ 1)/2 . does not divide (p~ -- 1)/2. I f  i ~ 2, 
then again by Lemma 2 (p~ 1)/2 ~ divides (p~/24- 1)/2. :It follows that 
pn/2 _ 1 = 2 ~ and as n > 2, it is well known that the only solution is p =3 
n = 4, v ~- 3. Consequently G satisfies 2(a) and the proof of Theorem 1 is 
complete. 
~In ~ order to apply Theorem 1 to G satisfying H2 (see Theorem 6), we need 
some intermediate results of independent interest. ', 
LEMMA 3. I f  G ~ H2 and r is odd, then G has a normalsubgroup N of index 2, 
Proof. ConSider the permutation representation of G on the cosets of B., 
Clearly each involution of A is represented as an odd permutation, whence the 
lemma follows. 
PROPOSITION 4. Let G ~ H2 and suppose that A max G with H nilpotent of odd 
order r. Then G is solvable. 
Proof. Let G be a counterexample of minimal order. Then no non-triviaI 
subgroup of H is normal in  G and it follows by the maximality of A that r ~ 1 
and A = N~(H~) = N~(ZJ(H~)) for each p ~/ / (H) .  By Lemma 3 there exists 
N <~ G with I G : N [ = 2 and A n N = S .  Hence U = NN(H~) = NN(ZJ(H~)i 
for each p ~/ / (H) ,  and by Glauberman's ZJ-the0rem H has a normal comple- 
ment R in N. I f  p ~/ / (H) ,  then H~ contains an element x of order p such tha t
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(x)  <1 A. By the maximality of A, x acts fixed point freely on R, whence by 
Thompson's theorem R is nilpotent. Thus G is solvable, a contradiction, 
COROLLARY 5. It  follows f iom the proof of Proposition 4 that the nilpotent 
length of G is at most 4. 
We are now ready for the following complete classification theorem. 
THEOREM 6. Let G ~ H2, F(G) = 1 and suppose that A max G with a 
nilpotent H. Then one of the following statements holds: 
(1) A is nilpotent, A ~ Syl2(G ) and G has a unique minimal normal subgroup N 
which is a direct product of copies of PSL(2, p), p = 2 ~ -- 1 >/7, a Mersenne 
prime. Moreover, G/N" is a 2-group. 
(12) A is non-nilpotent, and one of the following holds: 
(a) A is Hall and 
PSL(2, q) <~ G ~ PGL(2, q), 
wh~r e
q ~ --1 (mod 4) and q 4 = 2 '~ -- 1. 
(b) A is non-Hall, H is of even order and 
G = PGL(2, q) with q ~- 1 (mod 4). 
In particular, i f  G is simple, then G = PSL(2, q) with q --= --  1 (mod 4) and 
q >~ 7. Conversely, each such simple group satisfies our assumptions with 
( IA I ,  IB I )  = 1. 
Proof. This is a special case of Theorem 1, with the case 2(c) of that theorem 
impossible by Proposition 4. I f  A is Hall, then B is of odd order, whence pn = 
q ~ --1 (rood 4). Thus n is odd and PSL(2, q) <~ G <~ PAL(2, q), as stated. 
I f  A is non-Hall and H is of even order, then it follows from the fact that A n B 
is of odd order that q = 1 (mod 4), again as stated. Finally, it is easy to see that 
PSL(2, q) with 7 ~ q-- - - - -1 (mod4) satisfy our assumptions with (1A 1, 
IB  I) = 1. 
I f  G ~ H1, His  of odd order and class(H) ~< 2, then we can say more about H 
and G. 
LEMMA 7. Let G e H1 with an odd r = I H I. Suppose that el(H) ~< 2 and 
On(G) = G. Then H is a cyclic CC-subgroup of G with [ No(H) : H [ = 2. 
Proof. Since F(G)= 1, it follows by Thompson's theorem [16] that 
t A : H I = 2. Let G be a minimal counterexample and let P = H~ for some 
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p e 17 = I-I(H) -- {2}. By the maximality of A, A = No(P) = Na(ZJ(P)) ana 
P = G~. Furthermore, it follows that I No(P) : PO~,(Na(P))[ = q <~ 2. 
Suppose that G' < G. Since on(G) = G, so H ~< G' and G' n A = H as G 
is a minimal eounterexample. Hence No'(P) = N'a,(ZJ(P)) = H and it follows, 
as in Proposition 4, that F(G) =/= 1, a contradiction. Thus G' = G. I f  q = 1, 
then, since p is odd, Corollary 14.4.2 in [9] implies that G has a normal p- 
complement, a contradiction. Hence q = 2 and ifcl(P) = 2, then by [13] G' < G, 
a contradiction. Consequently q = 2 and P is abelian with [ Na(P ) : cc(e) l  = 2. 
Applying [12] we conclude that P is cyclic. Thus H is a cyclic group, and letting 
t be an involution in A, we get H = C × I [7, Lemma 10.4.1], where C = 
C~i(t) and I={hEHlh  t- - -h- I}.  Since H is cyclic, ( ]C [ , I I ] )  = 1. Let 
p • 17(C) and let P be a Sylow p-subgroup of H (hence of G) contained in C, 
Then No(P) = Ca(P) -~ A and by Burnside's theorem G has a normal p-  
complement, a contradiction. Hence C = 1, CA(h) = H and C*(h) >~ A for 
each h •H e . As G' =- G, C*(h) va G, hence C*(h) = A and Ca(h ) = H for 
each h • H e, as required. 
Remark. If, in Lemma 7, I H I  is divisible by 3, then by Stewart [14] the 
structure of G is known. 
COROLLARY 8- Let G e H1 with On(G) = G and if  H is of odd order then 
el(H) ~< 2. Moreover, suppose that G -~ AB for some subgroup B of G satisfying 
F(B) ~ 1. Then G satisfies the conclusions of Theorem 1, with 2(c) replaced by 
G = PSL(2, 2"). (2c') 
Proof. Let G be a minimal counterexample. Then by Theorem 1 H is of 
odd order and el(H) ~< 2. By Lemma 7 H is a cyclic CC-subgroup of G and A 
is dihedral with ] A : H I  = 2. In view of Proposition 4 ] A c~ B I is even, 
yielding G = HB. Let N be a minimal normal subgroup of G. As AN is non- 
solvable, A t3 N is even by Proposition 4. Since A n N <3 A, A n N = A and 
the maximality of A forces N = G. Thus G is simple, and Theorem 1 in [2] 
implies that G = PSL(n, q), with n >/2  and I H I  = (qn _ 1)/(q --  1), an odd 
number. Furthermore, by Theorem 5.1 in [10], G has one class of involutions. 
Consequently n ~< 3 and as ] N(H)I = 2 I H I, we get n = 2 and q = 2 ~/> 4, 
a final contradiction. 
Finally we prove, as easy consequences of Theorem 1 and [6], some special 
eases of Scott's conjecture. Corollary 10 is known. 
COROLLARY 9. Let G e H3 and suppose that A max G. Then G is solvable. 
Proof. Let G be a minimal counterexample. Then F(G) = 1 and by [6] H 
is of even order. Moreover, A is not Hall, since otherwise G = AB -- AB 2, 
and [6] yields a contradiction. Thus, by Theorem 1, G -~ PGL(2, q) with q odd, 
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q >/ 5. Moreover, A = Co(t), where t is an involution and 8 ~'1 A I. Th is  is a 
contradiction, since PGL(2, q) v~ AB with q, A and B as required. 
COROLLARY 10. Let G ~ H3 and suppose that B is Dedekind. Then  G is 
solvable. 
Proof. Let G be a minimal  counterexample. By Corollary 9 A is not maximal 
in G. Let A <MmaxG.  Then  M=AB* ,  with 1 <B*  ~Mr3B <1B, 
whence 
N --  (B  *a) = (B  *M) ~ M, 1 < N <1 G. 
By induct ion M is solvable, hence so is PC'. Moreover, by induct ion  G/N i s 
solvable. Thus  G is solvable, a contradiction. : 
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